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ABSTRACT 



It has been shown by one of the authors 1 that in isotropic spherical coordinates there 
is a relation between the mass of a static spherical gravitating body and the pressure 
distribution inside it. In this paper the result is generalized for the case of stationary 
axisymmetric configurations. 
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1. It has been shown that in the case of a static spherically symmetric distribution of 
matter there exists the following relation 1 

M = — — / P(r)r 3 e^dr, (1) 
& Jo 

where M is the mass of the spherical configuration, P(r) is the pressure distribution 
inside, k is the gravitational constant and v and A are the metric functions, with r s being 
the boundary of the configuration, given by P(r s ) = 0. It should be mentioned that r is 
the isotropic radial coordinate, i.e. the metric is written in the form 

ds 2 = e^c 2 dt 2 - e x ^[dr 2 + r 2 (d9 2 + sin 2 9dcf> 2 )]. (2) 
Taking the Newtonian limit of (1) one gets 

M2 = 32tt r- p{r y dr _ (3) 

k Jo 

The same relation can be easily obtained in the framework of Newtonian theory 1 . 

2. Now we shall try to generalize the formula (1) for the case of axisymmetric grav- 
itational fields, which can be produced either by a stationarily rotating axisymmetric 
configuration or by a motionless body with a similar distribution of matter. In the latter 
case one should assume the presence of internal stresses in the matter. 

Since (1) can be derived only in isotropic coordinates, the generalization is possible 
in the coordinates which in the spherically symmetric limit, for instance when the angular 
velocity O becomes zero, go over into the isotropic form. It is easy to see that the metric 
will meet this requirement if written in the form 



ds 2 = {e v -u 2 r 2 sin 2 9e^)c 2 dt 2 -e A (dr 2 +r 2 d6 2 ) -r z sin 2 Qe»dtf -2ur 2 sin 2 Oe^cd^dt. (4) 

where u, fx, A and u are functions of r ,8 and O. When O = the distribution is 
spherical, v, A and \x depend only on r and as a consequence of the spherical symmetry 
e x and e M equate to each other, so as to make the angular term proportional to (d9 2 + 
sm 2 6d4> 2 ). 

It is known 2 that if the components of the metric tensor do not depend on x° = ct 
the component Rq of the Ricci tensor can be written as 

R°o = ^^(v^ ^ ), (5) 

where g = detgit = — r 4 sin 2 #e I/+2A+M , % = 0,1,2,3, a = 1,2,3. In the axially sym- 
metric case the components of the metric tensor are independent also of x 3 = , and the 
component i?| can be written in the same form: 
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dx 

Now we take into account the Einstein equations and consider the combination R® + R 

1 d r , n „- q„- Snk 



(6) 



-g dx c 



-9 (g 0i ni + g 3i m\ = --r(Tl + if). 



(7) 



where Tl and Tf are components of the energy-momentum tensor which in the case 
of perfect fluid is given by 



T? = (P + pc 2 ) Ul u k - PSt 
Calculating and and feeding them into (7), one gets 



(8) 



sin 9 d r 3 d v+j±, 1 d r . 2 n d , " ■ >• 



r dr dr 



. [sin 2 — (e ^ ) 

sin 6> cw cw 



8nk 



(9) 



Multiplying both sides by r sin and integrating over the whole 3-dimensional space 
we obtain 



J (Tl + Tl)r sin 9^gdrd9d<\>. (10) 



The integration in the RHS of (10) is over the volume V of the body, since = outside 
the matter. 

One can easily take the second integral in the LHS of (10) with respect to 9 and see 
that it is zero. Taking the first integral with respect to r one gets 



£ sin 2 9 d9d<Pr 3 ^-(e^) " = 2tt [\m e d9[r 3 -^-(e^)] 1 



o 



o 



dr 
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J J J ( T i + T l) r sin2 0drd9d(p. 



(11) 



It is notable that the expansion of e 2 in terms of - should start from the term, 
otherwise the integral will diverge. 



In order to calculate the integral in (11) one has to know the expansions of e v and e M 
up to — order for the metric (4) in the external domein. One can start from the known 
expansions in the harmonic coordinates 3 



ds 2 = (i - % + ^)cV - (i + ^ + ^)dR 2 -R 2 (i + r -£ + {^)(de 2 + sin 2 ed<p 2 ) 

+ 2^— (12) 
crti 

where J is the angular momentum, r g the gravitational radius and M the mass of the 
body. One can see that in this approximation the metric coefficients do not depend on 
the angular coordinates. Thus, the transition from (12) to the form (4) can be made by a 
scale transformation 

R = r(l+° + ^), (13) 
where C and D are unknown constants. Inserting (13) into (12) and demanding that 

2 

(12) go over into the form (4), we get C = 0, D = 

Now we can easily find the metric coefficients written in ^ approximation in the 
" isotropic" coordinates 

2 

e ^ = i _ H + 

r 2r 2 ' 

e A = 1 + S- + 



r 



gr 2 ' 



Inserting (14) into (11) and integrating with respect to we obtain the formula we have 
been after: 

M 2 = -^- / (T* + T 2 2 ) r 3 sin 2 9e ^drd9, (15) 
^ jo Jo 

where r s (9) is the boundary of the configuration, P[r s {6)] = 0. 

In the static case, when P, v and A = \i do not depend on the angular coordinate, an 
elementary integration with respect to 6 immediately leads to (1). 
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